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[1]
( ) [2] 6
$\Lambda_{P}\subset \mathbb{C}$ ( ) [4]




$\Lambda_{P}$ $\phi_{1}(\Lambda_{P})$ $\phi_{1}|(\sqrt{-1}w\mathbb{R})=$ id, $\phi_{1}(w\mathbb{R})=$
$0,$ $\Lambda_{P}+\uparrow\iota)\mathbb{R}=\phi_{1}^{-1}(\phi_{1}(\Lambda_{P}))$ $\Im$ $\zeta=e^{2\pi\sqrt{-1}/5}$
1. $w\mathbb{R}\cap \mathbb{Z}[\zeta]\neq 0$ $\phi_{1}(\Lambda_{P})$
$\phi_{1}$ (AP) $0$
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$72^{o},$ $108^{o}$ $36^{o},$ $144^{o}$
1, $\zeta,$ $\zeta^{2},$ $\zeta^{3},$ $\zeta^{4}$ 5
$?l)$
5 5 10 $T_{0\backslash }$. $\cdots\cdot T_{9}$
1 $w$ $\mathbb{Z}[\zeta]$ 10
$\mathcal{T}_{0}=\{T_{j}:0\leq i<10\}$ 4 2
$\Lambda_{j}\subset\Lambda_{P}(0\leq j<10)$ $\mathbb{C}=\bigcup_{j}^{9_{=0}}(T_{j}+\Lambda_{j})$
disjoint union $\tau=\bigcup_{j}^{9_{=0}}\{T_{j}+u :u\in\Lambda_{j}\}$ $\pi_{P}$ : $\mathbb{C}arrow\bigcup_{T\in \mathcal{T}0}T$
( )
$w\neq 0,$ $w\mathbb{R}\cap \mathbb{Z}[\zeta]=0$ $z\in \mathbb{C}$ $z+w\mathbb{R}$
0 $\pi_{P}(z+w\mathbb{R})$ $\bigcup_{T\in \mathcal{T}_{0}}T$
2
[1, 4] $G$
$D$ (lattice) $D$ $G/D$
119
1. (cut-and-project scheme) $\Sigma=(\mathbb{R}^{k}, H, D, \Omega, \Lambda,p, q)$ ’physical
space’ $\mathbb{R}^{k}$ $H$ (’internal space’), $D\subset \mathbb{R}^{k}\cross H$ , ’ $\backslash 0$




3. $\Lambda=\{p(d):d\in D, q(d)\in\Omega\}$
$\Lambda\subset \mathbb{R}^{k}$ $\Lambda\subset \mathbb{R}^{k}$ $\mathbb{R}^{k}$
$\Lambda$ Meyer
$r>0$ $\lambda\in\Lambda$ r-patch $C_{r}(\lambda)$ $:=\Lambda\cap\overline{B_{r}(\lambda)}$
$\overline{B_{r}(\lambda)}=\{x\in \mathbb{R}^{k} :|x-\lambda|\leq r\}$ $\lambda.\mu\in\Lambda$ r-patch
$C_{r}(\mu)=C_{r}(\lambda)+(\mu-\lambda)$
1. $\Lambda$ Meyer $r>0$ r-patch
Proof. [4, Corollary 6.10].
1 5 $\zeta^{j},$ $0\leq j\leq 4$ ( ) $P_{1}=$
$\{\sum_{j}^{4_{=0}}t_{j}\zeta^{j}$ : $\sum_{j}^{4_{=0}}t_{j}<1.t_{j}\geq 0,0\leq i\leq 4\}\subset \mathbb{C}$ $P_{2}=-\tau P_{1\prime}P_{3}=\tau P_{1},$ $P_{4}=-P_{1}$
$\tau=\zeta+\zeta^{4}+1=-\zeta^{2}-\zeta^{3}=(V5+1)/2$ $\mathbb{Q}[\zeta]\cap \mathbb{R}=\mathbb{Q}[\tau]$ ,
$\mathbb{Z}[\zeta]\cap \mathbb{R}=\mathbb{Z}[\tau]$
$*:\mathbb{Z}[\zeta]arrow \mathbb{Z}[\zeta]$ , $( \sum_{j=0}^{4}a_{j}\zeta^{j})^{*}=\sum_{j=0}^{4}a_{j}\zeta^{2j}$ ,
$\nu:\mathbb{Z}[\zeta]arrow \mathbb{Z}/5\mathbb{Z}$ , $\nu(\sum_{j=0}^{4}a_{j}(^{j})=\sum_{j=0}^{4}a_{j}$ $mod 5$
$\tau^{*}=1-\tau$ $z\in \mathbb{Z}[\zeta]$ $z^{**}=\overline{z}$ $z\in \mathbb{Z}[\zeta]$
$\nu(z^{*})=\nu(z)$
Penrose $\Sigma_{P}=(\mathbb{C},$ $\mathbb{C}\cross(\mathbb{Z}/5\mathbb{Z}),$ $D_{P},$ $\zeta\}_{P},$ $\Lambda_{P,p,q)}$
$D_{P}=\{(z, z^{*}, \nu(z)):z\in \mathbb{Z}[(]\}$
$fl_{P}=\bigcup_{j=1}^{4}\ddagger l_{j},$ $1l_{j}=(\Gamma_{j}+\xi)\cross\{j\},$ $1\leq j\leq 4$
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$\xi\in \mathbb{C}$ Fibonacci
$\Sigma_{F}=(\mathbb{R}, \mathbb{R}, D_{F}, I_{F}, \Lambda_{F},p_{F}, q_{F})$





Pleasants [5, 6] tomography
Baake-Huck [3]
2. $\Sigma_{i}=(\mathbb{R}^{k_{i}})H_{i},$ $D_{i},$ $\Omega_{i},$ $\Lambda_{i},p_{i},$ $q_{i}),$ $i=1,2$ $\Sigma_{1}$
$\Sigma_{2}$ $\phi$ : $\mathbb{R}^{k_{1}}arrow \mathbb{R}^{k_{2}}$ $\psi$ : $H_{1}arrow H_{2}$
$(\phi\cross\psi)(D_{1})=D_{2},$ $\psi(\Omega_{1})=\Omega_{2;}\phi(\Lambda_{1})=\Lambda_{2\prime}q_{2}\circ(\phi\cross\psi)=\psi\circ q_{1\prime}p_{2}\circ(\phi\cross\psi)=\phi\circ p_{1}$
$w\mathbb{R}\cap \mathbb{Z}[\zeta]\neq 0$
Case 1. $u\in w\mathbb{R}\cap \mathbb{Z}[\zeta]$ $\nu(u)=0$
Case2. $u\in w\mathbb{R}\cap \mathbb{Z}[\zeta]$ $\nu(u)\neq 0$
$w$ $w\in \mathbb{Z}[\zeta]\backslash \{0\}$
$w^{*}$ $\sqrt{-1}w^{*}\mathbb{R}$
$\psi_{1}:\mathbb{C}arrow\sqrt{-1}w^{*}\mathbb{R}$ , $\psi_{1}(z)=\frac{z\overline{w}^{*}-\overline{z}w^{*}}{2\overline{w}^{*}}=\frac{\sqrt{-1}w^{*}}{|w^{*}|^{2}}\Im(z\overline{w}^{*})$












$(\phi_{P}\cross\cdot\psi_{P}\cross id)(D_{P})=\{(\phi_{P}(z), \psi_{P}(z^{*}), \nu(z)):z\in \mathbb{Z}[\zeta]\}$ ,
$\Omega_{S}=$ $(\psi_{P}\cross$ id $)$ $( \Omega_{P})=\bigcup_{j=1}^{4}(\psi_{P}(P_{j}+\xi)\cross\{j\})$ ,
$\Lambda_{S}=\phi_{P}(\Lambda_{P})=\{\phi_{P}(z):z\in \mathbb{Z}[\zeta], (z^{*}.\nu(z))\in\Omega_{P}\}$
2. $w\mathbb{R}\cap \mathbb{Z}[\zeta]\neq 0$ $D_{S}$ $D_{F}\cross(\mathbb{Z}/5\mathbb{Z})$ $\Lambda_{S}\subset \mathbb{Z}[\tau]$
Proof. $w= \sum_{j}^{4_{=0}}k_{j}\zeta^{j},$ $z= \sum_{j}^{4_{=0}}n_{j}\zeta^{j}$ $k_{j\pm 5}=k_{j}$
$\phi_{P}(z)=a(z)+\tau b(z)$ , $\psi_{P}(z^{*})=a(z)+\tau^{*}b(z)$ ,
$a(z)= \sum_{j=0}^{4}n_{j}(k_{j-2}-k_{j+2})$ , $b(z)= \sum_{j=0}^{4}n_{j}(k_{j-1}-k_{j+1})$
$\phi_{P}(z)\in \mathbb{Z}[\tau]$ $(\phi_{P}(z).\psi_{P}(z^{*}), |$ $(z))=(a(z)+\tau b(z),$ $a(z)+$
$\tau^{*}b(z).\nu(z))\in D_{F}\cross(\mathbb{Z}/5\mathbb{Z})$
3. Case 1 $p|D_{S}$ : $Dsarrow \mathbb{R}$
Proof. $z_{:}\tilde{z}\in \mathbb{Z}[\zeta]$ $\phi_{P}(z)=\phi_{P}(\tilde{z})$ $a(z)=a(\tilde{z}),$ $b(z)=b(\tilde{z})\Rightarrow$
$\psi_{P}(z^{*})=\psi_{P}(\tilde{z}^{*})\Rightarrow z+w\mathbb{R}=\tilde{z}+w\mathbb{R}\Rightarrow\tilde{z}-z=u,$ $\exists u\in\tau v\mathbb{R}\cap \mathbb{Z}[\zeta]\Rightarrow\nu(\tilde{z})-\nu(z)=$
$\nu(u)=0$ $\square$
2. Case 1 $\Sigma=(\mathbb{R},$ $\mathbb{R}\cross(\mathbb{Z}/5\mathbb{Z}),$ $D_{S},$ $\Omega_{S},$ $\Lambda_{s,p,q)}$
$p,$ $q$
$\Lambda(\Omega_{S})=\{\phi_{P}(z):z\in \mathbb{Z}[\zeta], (\psi_{P}(z^{*}), \nu(z))\in\Omega_{S}\}$
$\Lambda_{S}=\Lambda(1l_{S})$
Proof. $\Lambda_{S}\subset\Lambda(\Omega_{S})$
$y\in$ A $(\Omega_{S})$ $z\in \mathbb{Z}[\zeta]$ $y=\phi_{P}(z)$ $i$
$\psi_{P}(z^{*})\in\psi_{P}(P_{j}+\xi),$ $\nu(z)=j$ $(z^{*}+w^{*}\mathbb{R})\cap(P_{j}+\xi)\neq\emptyset$
$P_{j}$ $u\in w\mathbb{R}$ $\tilde{z}^{*}$ $:=z^{*}+u^{*}\in P_{j}+\xi$ J case 1




$D_{S’}=(\phi_{P}\cross\psi_{P})(D_{P})=\{(\phi_{P}(z), \psi_{P}(z^{*})):z\in \mathbb{Z}[\zeta]\}$ ,
$\Omega_{S’}=\bigcup_{j=1}^{4}\psi_{P}(P_{j}+\xi)$ ,
$\Lambda_{S’}=\phi_{P}(\Lambda_{P})=\{\phi_{P}(z):z\in \mathbb{Z}[\zeta].(z^{*}, \nu(z))\in\zeta l_{P}\}$




Proof. 2, 3 $D_{S’}$ $D_{F}$ $A_{S’}\subset \mathbb{Z}[\tau$ $p|D_{S’}$ : $D_{S’}arrow$
$\mathbb{R}$ $\Lambda_{S’}=\Lambda(\Omega_{S’})$
$\Lambda_{S’}\subset\Lambda(\Omega_{S’})$ $y\in\Lambda(\Omega_{S’})$ $z\in \mathbb{Z}[\zeta]$ $y=\phi_{P}(z)$
$j$ $\psi_{P}(z^{*})\in\psi_{P}(P_{j}+\xi)$ $k:=\nu(z)$ $i$
$N$ $:=\{z\in \mathbb{Z}[\tau]:\nu(z)=0$ lnod 5 $\}$ $=(3-\tau)\mathbb{Z}[\tau]$ $\mathbb{R}$
$\{\nu(u)$ : $u\in w\mathbb{R}\cap \mathbb{Z}[(]\}=\mathbb{Z}/5\mathbb{Z}$ $(z^{*}+w^{*}\mathbb{R})\cap(P_{j}+\xi)\neq\emptyset$ $P_{j}+\xi$
7 $u\in w\mathbb{R}\cap \mathbb{Z}[\zeta]$ $\nu(u)=j-k$ $*$ : $=z^{*}+u^{*}\in P_{j}+\xi$
$(\tilde{z}^{*}, \nu(\tilde{z}))\in(P_{j}+\xi)\cross\{j\}$ $y=\phi_{P}(\tilde{z})\in\Lambda_{S’}$





$\lambda,$ $\mu\in\Lambda$ r-patch $S_{r}(\mu)=S_{r}(\lambda)+(\mu-\lambda)$
1 7
4. $w\mathbb{R}\cap \mathbb{Z}[\zeta]\neq 0$ $(\Lambda_{P}, \Lambda_{P}+w\mathbb{R})$ $r>0$
r-patch
Proof. $\phi_{P}(\Lambda_{P})\subset \mathbb{R}$ $\Lambda_{P}\subset \mathbb{C}$ Meyer 1 r-Patch
123
$T\in \mathcal{T}$ 7 $s(T):=(T,T\cap (AP+w\mathbb{R}))$
$s(\mathcal{T}_{1}):=\{s(T):T\in \mathcal{T}_{1}\},$ $\mathcal{T}_{1}\subset\tau$, 7
$T’\in \mathcal{T}$ $T\in \mathcal{T}_{1}$ $u\in \mathbb{C}$ $T’=T+u$
$(T\cap(\Lambda_{P}+w\mathbb{R}))+u=T’\cap(\Lambda_{P}+\prime w\mathbb{R})$
5. $w\mathbb{R}\cap \mathbb{Z}[\zeta]\neq 0$ $\mathcal{T}_{1}\subset\tau$ $s(\mathcal{T}_{1})$
Proof. $\mathcal{T}_{0}$
4
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